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Overview
• Quantum ChromoDynamics is a peculiar theory

• Quarks are absolutely confined

• Quark properties are obscured
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gluons

• QCD is a “background” in search for new physics

• Must understand “old physics” of the standard model (SM) to find “new physics”

• QCD is strongly coupled, non-perturbative

• Lattice QCD allows us to make precise predictions 
for a range of properties of QCD

• Recent extensions of LQCD methods greatly expand range of predictions



Workshop overview

• This talk: “Lattice QCD: Past, present, & future”

• Introduction & overview

• Prof.  Aida El-Khadra: “Finding Beauty: The role of 
lattice QCD in precision physics”

• Applications of lattice QCD (LQCD) to charm and b physics

• Prof. Maarten Golterman: “Frontiers of Lattice Gauge 
Theory: muon g-2 and lattice chiral gauge theories”
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Outline of this talk

• Standard model & searching for physics beyond

• QCD & Lattice QCD

• High precision LQCD

• Constraining the Standard Model with LQCD

• Extending the LQCD frontier

• Summary
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Standard Model (SM)
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Wikipedia

nobelprize.org

http://nobelprize.org


Standard Model (SM)
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Wikipedia

gluons &
sea quarks:

“brown muck”

QCD is non-perturbative

Electroweak sector is perturbative



SM is extremely successful

• EM sector tested to extraordinary precision
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• Weak sector tested to few parts in 1000

Electron g-2 [Fan et al, PRL, 2022]

Rubidium recoil + Rydberg
 [Morel et al, Nature, 2020]

This is possible because couplings are weak
enough to use perturbation theory
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41 9. Quantum Chromodynamics

Table 9.1: Unweighted and weighted pre-averages of –s(m2

Z) for each sub-
field in columns two and three. The bottom line corresponds to the com-
bined result (without lattice gauge theory) using the ‰

2 averaging method.
The same ‰

2 averaging is used for column four combining all unweighted
averages except for the sub-field of column one. See text for more details.

averages per sub-field unweighted weighted unweighted without subfield
· decays & low Q

2 0.1173 ± 0.0017 0.1174 ± 0.0009 0.1177 ± 0.0013
QQ̄ bound states 0.1181 ± 0.0037 0.1177 ± 0.0011 0.1175 ± 0.0011
PDF fits 0.1161 ± 0.0022 0.1168 ± 0.0014 0.1179 ± 0.0011
e

+
e

≠ jets & shapes 0.1189 ± 0.0037 0.1187 ± 0.0017 0.1174 ± 0.0011
hadron colliders 0.1168 ± 0.0027 0.1169 ± 0.0014 0.1177 ± 0.0011
electroweak 0.1203 ± 0.0028 0.1203 ± 0.0016 0.1171 ± 0.0011
PDG 2023 (without lattice) 0.1175 ± 0.0010 0.1178 ± 0.0005 n/a

αs(mZ
2) = 0.1180 ± 0.0009

August 2023
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Figure 9.5: Summary of determinations of –s as a function of the energy scale Q compared to
the running of the coupling computed at five loops taking as an input the current PDG average,
–s(m2

Z) = 0.1180 ± 0.0009. Compared to the previous edition, numerous points have been updated
or added.

that the weighted averages are rather close to the unweighted ones. However, the uncertainties
become significantly smaller. This approach may be too aggressive as it ignores the correlations
among the data, methods, and theory ingredients of the various determinations. We feel that the
uncertainty of ±0.0005 is an underestimation of the true error. We also note that in the unweighted
combination the estimated uncertainty for each sub-field is larger than the spread of the results as
given by the standard deviation. In the weighted fit this crosscheck fails in four out of six cases.

The last several years have seen clarification of some persistent concerns and a wealth of new
results at NNLO, providing not only a rather precise and reasonably stable world average value
of –s(m2

Z), but also a clear signature and proof of the energy dependence of –s in full agreement

31st May, 2024

QCD is more challenging
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g2

4π
=

PDG, 2023

a=0.2 fm a=0.002 fm Asymptotic freedom:
can use perturbation

theory at high energies

1fm=10-15m

Need non-perturbative
method here



Shortcomings of the SM

• No dark matter or dark energy

• Predicts insufficient baryogenesis

• Why 3 generations? Why the observed pattern of 
quark & lepton masses and weak couplings?

• Weak scale relative to Planck scale

• …
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NASA



Searching for new physics

• At the highest energies—LHC
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coffeeshopphysics.com

http://coffeeshopphysics.com


Searching for new physics

• In rare decays or precision measurements

• Do all CP-violating processes and other precision results in K and B 
decays agree with the SM?
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Searching for new physics

• Dark matter and axion searches
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CDMS—graphic from SLAC



QCD as a background

• Quarks become jets at the LHC
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quantumdiaries.org

Disentangling 
requires perturbative
QCD and modeling 
of non-perturbative 
confinement physics

http://quantumdiaries.org


QCD as a background
• “Brown muck” distorts hadronic decays

• E.g. CP-violation in kaon-antikaon mixing
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CP violation

Quark level process that one might hope to 
calculate in perturbation theory

is really a hadronic process that involves 
non-perturbative QCD



QCD as a background
• “Brown muck” distorts hadronic decays

• Distortions can be huge, e.g. ΔI=½ rule
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�(K0
S ! ⇡⇡)

�(K+ ! ⇡⇡)
⇡ 330

Same underlying quark weak decay: s �! ūud

• Must be able to calculate these “distortions” to              
interpret many rare decay experiments



Outline

• Standard model & searching for physics beyond

• QCD & Lattice QCD

• High precision lattice QCD

• Constraining the Standard Model with LQCD

• Extending the LQCD frontier

• Summary
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These make QCD 
challenging!



Lattice QCD
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Space
3-dim

Euclidean 
time

Wilson gauge action Lattice fermion action

−
∑

q

q(Dlat
µ γµ + amq)q

Ken Wilson, 1974
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Lattice QCD

7

Use Feynman 
path integral

definition of QM

• Non-perturbative regularization of QFT

• Provides rigorous definition of QCD

• Take a→0 by sending g(a)→0

• Amenable to numerical simulation using Monte 
Carlo methods



Simulating fermions is hard

• Fermion determinant leads to non-local effective 
gauge action

• Orders of magnitude more difficult to simulate 
than the “pure gluon” theory
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ZQCD =

� �
dUdq̄ dq e−Slat

E

=

�
dUe−Slat

glue

�

q

det
�
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µ γµ +m
�

fermion loops
gluon
loops



• 1974, invention of lattice QCD (K.Wilson)

• 1980, simulations of pure gluon theory demonstrate confinement (M. Creutz)

• 1980’s: “quenched era” (no quark loops)

• 1987, Hybrid Monte-Carlo algorithm (Duane et al.)

• 1990’s: early “unquenched era” (heavy quark loops)

• 1992: domain-wall fermions (Kaplan)

• 1997: overlap fermions (Neuberger)

• 2000’s: fully unquenched era (light quark loops)

• 2009-10: simulations with physical up, down and strange quark masses

• 2010’s: inclusion of electromagnetism, isospin breaking

• 2020’s: many extensions: inclusive processes, multi particle scattering

Timeline
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Cray 1, 1MFlop/s

Cray 2, 1GFlop/s

1TFlop/s

Blue gene P, 
1PFlop/s

Blue gene Q, 
10 PFlop/s

Summit,100 PFlop/s

El Capitan, > 1 ExaFlop/s

CPU speedup, theoretical 
& algo

rithmic 

advances have allowed latti
ce QCD to 

become a precisio
n tool



State of the art
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144x144x144x288 lattice [MILC collaboration]

a=0.043fm

~6 fm

~12 fm

Need to invert matrices 
of size

~ (3x109) x (3x109)

Highly Improved Staggered (HISQ) fermions
Physical quark masses (in isospin limit: mu=md)



Some of Our Ensembles

8

This is incomplete, but shows how we cover a range of 
lattice spacing and light quark mass.

State of the art
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Extrapolating to the physical point

S. Gottlieb, 
talk at NERSC@50, 2025

continuum limit

Decreasing u,d 
quark masses

physical point

mu + md

2ms



Outline

• Standard model & searching for physics beyond

• QCD & Lattice QCD

• High precision lattice QCD

• Constraining the Standard Model with LQCD

• Extending the LQCD frontier

• Summary
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Postdiction: spectrum
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Few percent accuracy, and complete consistency

BMW Collaboration, 2008

input

input



Isospin splittings

26

BMW Collaboration
2014

Errors ~ 0.2 MeV !

u, d, s & c in loops
mu ≠ md

QED included

quark masses & scale
determined using 
π+, K+, K0, D0, Ω



Flavo(u)r Lattice Averaging Group
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• Reviews every ~3 years:  “vetted” averages of 72 
LQCD results with full error budgets

• “PDG (Particle Data Group) or HFLAV (Heavy 
Flavor Working Group) for Lattice QCD”

CERN-TH-2024-192

FLAG Review 2024

Flavour Lattice Averaging Group (FLAG)
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Jü

ttn
er

1
8
,1
9
,2
0,
T
.
K
an

eko
2
1
,2
2,
E
.
L
u
n
gh

i 1
4,
S
.
M
ein

el 2
3,

C
.
M
on

ah
an

2
4
,2
5,
A
.
N
ich

olson
2
6,
T
.
O
n
ogi 2

7,
P
.
P
etreczky

2
8,
A
.
P
ortelli 1

,5
,2
0,

A
.
R
am

os
1
7,
S
.
R
.
S
h
arp

e
2
9,
J.

N
.
S
im

on
e
3
0,
S
.
S
int

3
1,
R
.
S
om

m
er

3
2
,3
3,
N
.
T
antalo

3
4,

R
.
V
an

d
e
W
ater

3
0,
A
.
V
aqu

ero
3
5
,3
6,
U
.
W
en
ger

3
7,
an

d
H
.
W

ittig
3
8
,3
9

1R
IK

E
N

C
enter

for
C
om

p
u
tation

al
S
cien

ce,
K
ob

e
650-0047,

Jap
an

2P
hysics

D
ep
artm

ent,
U
n
iversity

of
C
on

n
ecticu

t,
S
torrs,

C
T

06269-3046,
U
S
A

3R
IK

E
N

B
N
L
R
esearch

C
enter,

B
rookh

aven
N
ation

al
L
ab

oratory,
U
p
ton

,
N
Y

11973,
U
S
A

4In
stitu

t
fü
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FLAG6: QCD parameters

28

• Strong coupling constant

• Quark masses

α(5)
MS

(MZ) = 0.1183(7) [0.6% error]

39 9. Quantum Chromodynamics

0.00360). Other categories such as the calculation of QCD vertices, or of the eigenvalue spectrum
of the Dirac operator have not yet published results that fulfill all requirements.

We note that, in addition to presenting new results and improvements on previous works, the
ALPHA Collaboration [733] has introduced a novel approach to non-perturbative renormalization
called decoupling. This strategy shifts the perspective on results involving unphysical flavor num-
bers, particularly nf = 0. By performing a non-perturbative matching calculation, these results
can be non-perturbatively related to results with nf > 0. Consequently, obtaining precise and con-
trolled nf = 0 results becomes of great importance, with significant implications for future FLAG
reports.

The final value is obtained by performing a weighted average of the pre-averages. The final
uncertainty however is not the combined uncertainty of the pre-averages (which is 0.0006), since
the errors on almost all determinations are dominated by the perturbative truncation error. Instead,
the error on the pre-range for –s from the step-scaling method is taken, since perturbative truncation
errors are sub-dominant in this method. The final FLAG 2021 estimate (rounded to four digits) is

–s(m2

Z) = 0.1184 ± 0.0008 (FLAG 2021 estimate) , (9.23)

which is fully compatible with the FLAG 2019 result of –s(m2

Z) = 0.1182 ± 0.0008.
We believe that this result expresses to a large extent the consensus of the lattice community and

that the imposed criteria and the rigorous assessment of systematic uncertainties qualify for a direct
inclusion of this FLAG estimate here. As in the previous review, we therefore adopt the FLAG
estimate with its uncertainty as our value of –s for the lattice category. Moreover, this lattice result
will not be directly combined with any other sub-field average, but with our non-lattice average to
give our final world average value for –s.
9.4.8 Determination of the world average value of –s(m2

Z) :
Obtaining a world average value for –s(m2

Z) is a non-trivial exercise. A certain arbitrariness and
subjective component is inevitable because of the choice of measurements to be included in the
average, the treatment of (non-Gaussian) systematic uncertainties of mostly theoretical nature, as
well as the treatment of correlations among the various inputs, of theoretical as well as experimental
origin.

We have chosen to determine pre-averages for sub-fields of measurements that are considered
to exhibit a maximum degree of independence among each other, considering experimental as well
as theoretical issues. The six pre-averages, illustrated also in Fig. 9.2, are listed in column two of
Table 9.1. We recall that these are exclusively obtained from extractions that are based on (at least)
NNLO QCD predictions, and are published in peer-reviewed journals at the time of completing this
Review. To obtain our final world average, we first combine these six pre-averages, excluding the
lattice result, using a ‰

2
averaging method. This gives

–s(m2

Z) = 0.1175 ± 0.0010 (PDG 2023 without lattice) . (9.24)

This result is fully compatible with the lattice estimate Eq. (9.23) and has a comparable error.
To avoid a possible over-reduction, we combine these two numbers using an unweighted average
and take as an uncertainty the average between these two uncertainties. This gives our final world
average value

–s(m2

Z) = 0.1180 ± 0.0009 (PDG 2023 average) . (9.25)

If for the sub-field of hadron colliders we are more restrictive and instead only accept results from
a simultaneous fit of PDFs, we arrive at 0.1157±0.0021 for this sub-field leading to 0.1172±0.0010
(without lattice) and –s(m2

Z) = 0.1178 ± 0.0009 for the final average. Both the new world average

31st May, 2024

Compare to

mu[4%], md[2%], ms[1%], mc[1%], mb[0.3%]

mu + md

ms
[0.3%],

ms

mc
[0.3%]



Example: charm quark mass
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of all results that pass the quality criteria, we believe in this case that would obscure
rather than clarify the situation. From Fig. 5, we note that not only do ETM 21A,
ETM 14A, and ETM 14 lie well above the other 2+1+1 results, but also above all of
the 2+1 flavour results. A similar trend is apparent for the light-quark masses (see
Figs. 1 and 2) while for mass ratios there is better agreement (Figs. 3, 4, and 6). The
latter suggests there may be underestimated systematic uncertainties associated with scale
setting and/or renormalization which have not been detected. Finally we note the ETM
results are significantly higher than the PDG average. For these reasons, which admittedly
are not entirely satisfactory, we continue to quote an average with a stretching factor as
in previous reviews.

The RGI average reads as follows,

MRGI
c

= 1.528(15)m(21)! GeV Refs. [7–9, 18, 26, 27] . (58)

Figure 5 presents the values of mc(mc) given in Tab. 13 along with the FLAG averages
obtained for 2 + 1 and 2 + 1 + 1 flavours.

Figure 5: The charm-quark mass for 2 + 1 and 2 + 1 + 1 flavours. For the latter a large
stretching factor is used for the FLAG average due to poor ω2 from our fit.

4.2.3 Lattice determinations of the ratio mc/ms

Because some of the results for quark masses given in this review are obtained via the
quark-mass ratio mc/ms, we review these lattice calculations, which are listed in Tab. 14,
as well.

The Nf = 2 + 1 results from ωQCD 14 and HPQCD 09A [33] are from the same cal-
culations that were described for the charm-quark mass in the previous review. Maezawa
16 does not pass our chiral-limit test (see the previous review), though we note that it is
quite consistent with the other values. Combining ωQCD 14 and HPQCD 09A, we obtain

58

W=Wilson fermions
W

W
W

W
W

S=staggered fermionsS
S

S
S

S
S

S

D=domain-wall fermions

D

O=overlap fermions

O

mc(mc) = 1.278(6) GeV [Nf = 2 + 1]
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CKM matrix & CP violation
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u,c,t d,s,b

νe-

W+

W+/-

Fundamental parameters
of the SM



CKM matrix & CP violation
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Unitary matrix

≈

CP violation!

• Each element can be measured in several ways

• Consistency of SM requires all measurements to 
agree, and that VCKM be unitary

• The CP violating parameter η must explain observed 
CP violation in Kaon and B meson (and D) systems

• New physics would shows up as inconsistencies
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K0 $ K0 K0 $ K0

Experiment = known factors⇥ VCKM ⇥Hadronic matrix element

Lattice QCDPerturbative SM

Measure to determine this

Need for non-perturbative QCD



Example of hadronic matrix

• : CP-violation in kaon-antikaon mixingB̂K

34

Integrate out W (and Z) and t (and c) to obtain local operator

B̂K ∼
⟨K̄0 | [s̄γμ(1 − γ5)d][s̄γμ(1 − γ5)d] |K0⟩

8
3 f 2

k m2
K



FLAG6: matrix elements
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• Decay constants, e.g. ⟨π+ | ūγμγ5d |0⟩ ∝ pμ
π fπ

fπ[0.6%], fK[0.2%], fD[0.3%], fDs
[0.2%], fB[0.7%] fBs

[0.5%]

• B-parameters, e.g. ⟨K̄0 | [s̄γμ,Ld][s̄γμ
Ld] |K0⟩ ∼ BK

BK[1%], BB[5%], BBs
[5%], BBSM[≲ 3%]

• Form factors, e.g. ⟨K−(p) | s̄γμu |π+(k)⟩
fK→π
+ (0)[0.2%], fD→π

+ (0)[1%], fD→K
+ (0)[0.3%]

B → πℓν, Bs → Kℓν, B → Dℓν, B → D*ℓν, B → Dsℓν, B → Kℓ+ℓ−, …

• Nucleon matrix elements, e.g. ⟨N | s̄s |N⟩ ∝ σs

gu−d
A [1%], σπN[5%], σs[15%], ⟨x⟩u−d [10%], …

Aida will 
discuss some 

of these



History of steady progress
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Introduction

Progress over the years

æ Long road for a better theoretical control (e.g., Lattice QCD), and
more accurate data (LEP, KTeV, NA48, BaBar, Belle, CDF, DØ, LHCb, CMS, ...)

d
m∆

K
ε

K
ε

sm∆ & dm∆

ub
V

α

βγ

ρ

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

η

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5
excluded area has CL > 0.95

1995

CKM
f i t t e r

1995

d
m∆

K
ε

K
ε

sm∆ & 
d

m∆

ubV

βsin 2

α

βγ

ρ

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

η

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5
excluded area has CL > 0.95

Summer 2001

CKM
f i t t e r

2001
α α

d
m∆

K
ε

K
ε

sm∆ & 
d

m∆

ubV

βsin 2

α

βγ

ρ

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

η

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5
excluded area has CL > 0.95

2004

CKM
f i t t e r

2004

γ

γ

α

α

dm∆

K
ε

K
ε

sm∆ & dm∆

ubV

βsin 2

(excl. at CL > 0.95)

 < 0βsol. w/ cos 2

e
xclu

d
e
d
 a

t C
L
 >

 0
.9

5

α

βγ

ρ

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

η

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5
excluded area has CL > 0.95

2006

CKM
f i t t e r

2006

γ

γ

α

α

dm∆

K
ε

K
ε

sm∆ & dm∆

ubV

βsin 2

(excl. at CL > 0.95)

 < 0βsol. w/ cos 2

e
xclu

d
e
d
 a

t C
L
 >

 0
.9

5

α

βγ

ρ

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

η

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5
excluded area has CL > 0.95

2009

CKM
f i t t e r

2009

γ

γ

Kε

Kε

α

α

dm∆

sm∆ & dm∆

ubV

βsin 2

(excl. at CL > 0.95)

 < 0βsol. w/ cos 2

e
xclu

d
e
d
 a

t C
L
 >

 0
.9

5

α

βγ

ρ
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

η

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5
excluded area has CL > 0.95

ICHEP 16

CKM
f i t t e r

2016

Luiz Vale Silva (University of Sussex) CKMfitter update 20 Sept. 2018 8 / 27CKMfitter (ckmfitter.in2p3.fr): talk by Luiz Silva, 9/2018

http://ckmfitter.in2p3.fr/


…but overall consistency

37

≈



…though this is controversial
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• There are several other  tensions between 
theory & experiment in flavor physics

∼ 3σ

2025 update on ωK in the Standard Model with lattice QCD inputs

Seungyeob Jwa,1 Jeehun Kim,1 Sunghee Kim,1 Sunkyu Lee,2 Weonjong Lee,1, → and Sungwoo Park3

(SWME Collaboration)
1
Lattice Gauge Theory Research Center, FPRD, and CTP,

Department of Physics and Astronomy, Seoul National University, Seoul 08826, South Korea
2
Center for Precision Neutrino Research (CPNR), Department of Physics,

Chonnam National University, Yongbong-ro 77, Puk-gu, Gwangju 61186, Korea
3
Lawrence Livermore National Lab, 7000 East Ave, Livermore, CA 94550, USA

(Dated: March 14, 2025)

We present theoretical results for the indirect CP violation parameter, |ωK | calculated directly
from the standard model using lattice QCD inputs such as B̂K , |Vcb|, |Vus|, |Vud|, ε0, ε2, FK ,
and mc (charm quark mass). We find a strong tension in |ωK | at the → 5ϑ (5.2ϑ ↑ 4.6ϑ) level
between the experimental value and the theoretical value calculated directly from the standard
model using lattice QCD inputs. The standard model with lattice QCD inputs describes only 65%
of the experimental value of |ωK |, and does not explain its remaining 35%. We also find that this
tension disappears when we use inclusive |Vcb| which comes from the heavy quark expansion and
QCD sum rules. This tension is highly correlated with the discrepancy between exclusive |Vcb|, and
inclusive |Vcb|. We also present results for |ωK | obtained using the Brod-Gorbahn-Stamou (BGS)
method of u↓ t unitarity, which leads to even a stronger tension at the 5.5ϑ ↑ 4.9ϑ level with lattice
QCD inputs.

I. INTRODUCTION

The CP violation provides a clean window to search
for new physics beyond the standard model (SM) [1, 2].
The CP violation in the neutral kaon system contains
two independent processes: one is the direct CP violation
and the other is the indirect CP violation.1 Indirect CP
violation parameter ωK in the neutral kaon system is

ωK →
A(KL ↑ εε(I = 0))

A(KS ↑ εε(I = 0))
, (1)

where KL and KS are the neutral kaon states in nature,
and I = 0 represents the isospin of the final two-pion
state. In experiment [7],

ωK =
[
(2.228± 0.011)↓ 10↑3

]
↓ eiωω ,

ϑε = 43.52± 0.05↓ . (2)

Here, the ωK value indicates that there exists an ↔ 0.2%
impurity of the CP even eigenstate in theKL state, which
is composed of pure (↔ 99.8%) CP odd eigenstate.

The indirect CP violation in the neutral kaon system,
in particular, provides a perfect playground to hunters
for new physics from the following perspectives. First,
the experimental results are already extremely precise
[7]. Second, computational tools available in lattice QCD
make it possible to calculate physical observables in kaon
physics up to such a high precision that we want to
achieve [8]. Hence, in this article, we focus on the indi-
rect CP violation parameter ωK , which we will determine

→ E-mail: wlee@snu.ac.kr
1 Good reviews on this subject might be found in Refs. [1–6].

using results from lattice QCD combined with those from
experiments.
The standard model (SM) describes the CP violation

using a single phase in the CKM matrix elements. Hence,
if there exist another phases coming from new physics,
ωK is a natural place to find them, since ωK is directly
sensitive to it. Therefore, it has been one of the top
priorities in lattice QCD to calculate ωK to the highest
precision [9, 10].
In order to evaluate ωK directly from the SM, we need

to know 18 ↗ 20 input parameters [11]. Out of them, we
can, in principle, obtain 9 input parameters from lattice
QCD: B̂K , |Vcb|, ϖ0, ϖ2, ϖLD, |Vus|, |Vud|, mc(mc), and
FK .23 Recently lattice QCD has made such remarkable
progress in calculating B̂K that its error is only 1.2% at
present [12]. At present, the largest error in theoretical
calculation of ωK comes from |Vcb| [13].
When we use the traditional method for ϱi of c ↘ t

unitarity in the master formula for ωK , a subdominant
error in calculation of |ωK | comes from ϱct, and ϱcc, which
is calculated to NNLO in perturbation theory [11, 14,
15]. Recently the Brod-Gorbahn-Stamou (BGS) method
for ϱi of u ↘ t unitarity was reported in Ref. [16]. The
subdominant error from ϱi can be alleviated by adopting
the u ↘ t unitarity. For more details, refer to Ref. [16]
and Section II B.
First, we would like to report the final results to draw

your attention to the key issues. Evaluating |ωK | directly
from the SM with lattice QCD inputs, we find that it

2 Here ω0 and ω2 are redundant. We need to know only ω0, but
it is possible to obtain ω0 from ω2 using ε↑/ε. For more details,
refer to Subsection IIID.

3 Here |Vus| and |Vud| are redundant. We need to know only the
ratio r = |Vus|/|Vud|. For more details, refer to Subsection IIIA.
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TABLE XXIII. Error budget for |ωK |SM obtained using the
AOF method for the Wolfenstein parameters, the exclusive
|Vcb|, the FLAG-2017 B̂K , the indirect method for ε0, the
BGI estimate for εLD, and the BGS method for ϑi of u → t
unitarity. Here, the values are fractional contributions to the
total error obtained using the formula in Ref. [11].

source error (%) memo

|Vcb| 60.5 exclusive

ϑ̄ 11.5 AOF

ϑBGS
tt 10.3 BGS

εLD 6.8 RBC/UKQCD

ϖωBGS
K 5.2 CVM

ϱ̄ 2.1 AOF

B̂K 1.9 FLAG-24

ε0 0.77 RBC/UKQCD

ϑBGS
ut 0.27 BGS

FK 0.20 FLAG-24

ς 0.18 FLAG-24

mc 0.10 mc(mc)

mt 0.058 mt(mt)
...

...
...

significantly smaller uncertainty, while ωBGS
tt remains al-

most the same as ωtt in c → t unitarity. If we adopt the
BGS method to determine |εK |

SM, the tension in !εK
increases further to the 5.5ϑ ↑ 4.9ϑ level, when we deter-
mine |εK |

SM using lattice QCD inputs including exclusive
|Vcb| (FNAL/MILC-22). Here we find that there exists
a central value mismatch (CVM) in |εK |

SM between the
c → t unitarity and the u → t unitarity. This di”erence
comes from small and tiny approximations that they in-
troduced to simplify the BGS master formula for ωBGS

ut
and ωBGS

tt . Here we simply take the CVM as another error
in the BGS method. More elaborate and rigorous treat-
ment (i.e. not a cure-all but somewhat better solution)
for the CVM error due to the small and tiny approxima-
tions in the BGS method needs further investigation in
the future [106].

TABLE XXIV. Results for !ωK . They are obtained using
the RBC-UKQCD estimate for εLD, the indirect method for
ε0, the traditional method for ϑi of c→ t unitarity, the FLAG
results for B̂K , the AOF results for the Wolfenstein parame-
ters, and so on.

year Inclusive |Vcb| Exclusive |Vcb|
2015 0.33φ 3.4φ

2018 1.1φ 4.2φ

2024 1.4φ 5.1φ

In Table XXIV, we present how the values of !εK
have changed from 2015 and 2018 to 2024. Here we find

that the positive shift of !εK is similar for the inclusive
and exclusive values of |Vcb|. This reflects the changes in
other input parameters since 2015. We also observe that
there is no significant tension observed yet for |εK |

SM

with inclusive |Vcb|, which is obtained, based on the heavy
quark expansion based on the QCD sum rules.
In this paper, we find that there exists a remarkable

gap of 5.2ϑ ↑ 4.6ϑ in εK between experiment and the
SM theory with lattice QCD inputs including exclusive
|Vcb| (FNAL/MILC-22). The upper bound of 5.2ϑ ten-
sion is obtained with the RBC-UKQCD estimate for ϖLD.
The lower bound of the 4.6ϑ tension is obtained when we
use the BGI estimate for ϖLD. In the BGI estimate [80],
they added 50% more error to be on the safe side and
more conservative. To obtain this result, we choose the
angle-only-fit (AOF), exclusive |Vcb| (FNAL/MILC-22)
from lattice QCD, and the FLAG-24 results for B̂K with
Nf = 2+1 from lattice QCD, and the traditional method
for ωi of c→ t unitarity to determine |εK |

SM. In 2015, we
reported a 3.4ϑ tension between |εK |

SM

excl
and |εK |

Exp [11],
and the tension was 4.2ϑ in 2018. At present, the ten-
sion amounts to 5.1ϑ. We find that the tension between
|εK |

SM with lattice QCD inputs, and |εK |
Exp continues

to increase during the period of 2012–2024 with some
fluctuations. Part of the reason is that the uncertain-
ties of results for the SM input parameters continue to
decrease with some tiny ripples.

There was an interesting claim [58, 60] which had po-
tential to resolve the issue of the inconsistency between
the exclusive and inclusive |Vcb|. It turns out that there
is no di”erence in exclusive |Vcb| between CLN and BGL
at present. Hence, this issue on CLN and BGL has been
completely resolved by time evolution.

In this paper, we report that there exists a strong
tension of 5.2ϑ ↑ 4.6ϑ in |εK | between |εK |

Exp and
|εK |

SM determined using lattice QCD inputs such as
the FNAL/MILC-22 results for exclusive |Vcb|, and the
traditional method for ωi of c→ t unitarity. Here it is
also reported that the tension becomes even stronger at
the level of 5.5ϑ ↑ 4.9ϑ, if we use the BGS method for
ωi of u→ t unitarity, and lattice QCD inputs such as the
FNAL/MILC-22 results for exclusive |Vcb|. Here we also
report that the tension disappears with inclusive |Vcb|.
Hence, it is essential to provide a balanced picture of the
current status of |εK |

SM with respect to |Vcb| from the
standpoint of lattice QCD.

First, we point out that the experiments for exclu-
sive |Vcb| are completely di”erent from those for inclusive
|Vcb|. The exclusive |Vcb| is obtained using the lattice
QCD results for the semileptonic form factors combined
with the experimental results. There are multiple decay
channels to determine exclusive |Vcb| in lattice QCD such
as B̄ ↓ Dϱς̄, B̄ ↓ D→ϱς̄, Bs ↓ D↑

s ϱ
+ς, Bs ↓ D→↑

s ϱ+ς,
#b ↓ #cϱ↑ς̄ and so on. All of the results of exclusive
|Vcb| in multiple channels determined by multiple collab-
orations in lattice QCD are consistent with one another
within statistical uncertainty. Therefore, the exclusive
|Vcb| results from lattice QCD are highly reliable from
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Present frontier
• Present “FLAG ready” LQCD calculations almost 

all involve single hadrons, e.g. BK

40

K0K0

dd

ss HW
space

Euclidean time



Present frontiers
• Processes involving 2+ hadrons are more challenging

• Major progress on : now “FLAG-ready” with 
~10% errors [RBC-UKQCD collaboration]

𝒜(K → ππ)
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Present frontiers
• Processes involving 2+ hadrons are more challenging

• Major progress on : now “FLAG-ready” with 
~10% errors [RBC-UKQCD collaboration]
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Present frontiers
• Processes involving 2+ hadrons are more challenging

• Major progress on : now “FLAG-ready” with 
~10% errors [RBC-UKQCD collaboration]

• Quantitative understanding of  rule

• Quantitative prediction of CP-violating parameter 

• LQCD matrix elements + other inputs predict [UTfit, 2212.03894]

• Agreement with experiment [ ] constrains 
theories of new physics

𝒜(K → ππ)

ΔI = 1/2

ε′￼

ε′￼/ε = 16.6(3.3) ⋅ 10−4

44

�(K0
S ! ⇡⇡)

�(K+ ! ⇡⇡)
⇡ 330

14

The values of the generated amplitudes Re (A0) and Re (A2) are given in table I.We also find Im (A0) = �6.75(86)⇥
10�11 GeV and Im (A2) = �8.4(1.2)⇥10�13 GeV. For the calculation of "0/", however, assuming the validity of the SM,
the real part of these amplitudes are taken from the experiments in order to reduce the final theoretical uncertainty.
For this quantity we get

"0/" = 15.2(4.7) · 10�4 . (32)

This number can be compared with the RBC/UKQCD result, given without error, which includes the isospin breaking
corrections of ref. [88], "0/" = 16.7 ·10�4 (RBC/UKQCD quotes 21.7(8.4) ·10�4 without isospin breaking corrections),
and with the experimental value "0/" = 16.6(3.3) · 10�4. The predicted distribution of "0/" is shown in Fig. 2. Within
still large theoretical uncertainties the SM predictions and experimental results are in very good agreement and there
is no sign of NP. The novelty here is the insertion of the determination of "0/" in the full UT analysis.

C. The Unitarity Triangle angles

For what concerns the values of the Unitarity Triangle angles, we used the following inputs:

• � (or �1): the value of sin � is taken from the latest HFLAV average [22] with the most updated inputs, which
gives sin 2� = 0.688(20). We then add a correction factor of �0.01(1), although strictly speaking this applies
exclusively to the J/ K0 channel, as data-driven theory uncertainty obtained with the method described in
ref. [90];

• ↵ (or �2): the value of the angle ↵ is obtained by UTfit isospin analyses of the three contributing final states
⇡⇡, ⇢⇢ and ⇢⇡. The various probability distributions are shown in Fig. 3 (left panel) together with the combined
one that is used as input to our global fit;

• � (or �3): the value of the angle � is taken from the latest HFLAV average [22] and the corresponding probability
distribution is shown in Fig. 3 (right panel) together with the prediction from the global fit.
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FIG. 3. Left: global fit input distribution for the angle ↵ (in solid yellow histogram) with the three separate distributions coming
from the three contributing final states ⇡⇡, ⇢⇢ and ⇢⇡; Right: global fit input distribution for the angle � (in solid yellow
histogram) obtained by the HFLAV [22] average compared with the global UTfit prediction for the same angle.

The full list of measurements used as inputs in the global fit is given in the first and second columns of table I. ",
"0/", |Vub| and |Vcb| have been discussed in the previous sections.

IV. STANDARD MODEL UNITARITY TRIANGLE ANALYSIS

The results of the global SM fit are given as two-dimensional probability distributions in the plane of the CKM
parameters ⇢̄ and ⌘̄ and shown in Fig. 4. The numerical results are in Table IX. Besides the global fit shown in the
top-left panel, we have studied various configurations which provide us further physical information:



• Testing the Standard Model

• Isospin breaking & EM, , inclusive decay rates, 
,  mixing, CP-violation in , …

(g − 2)μ
ΔmK D − D D → ππ, KK

• Understanding the strong interactions

• Nucleon axial form factors, structure fcns, GPDs, TMDs, 
finite density, NN and NNN interactions,                     
multiparticle scattering and exotic hadrons, …

• Beyond LQCD

• Formulating chiral gauge theories, nearly-conformal 
theories with more flavors, symmetric mass generation, …

Many other frontiers

45

Maarten & Aida 
will discuss

Maarten will 
discuss

I will discuss



Why multiparticle amplitudes?
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• Calculate properties of strong interaction resonances

• E.g. exotics such as Tcc(3875)+ → DD* → DDπ



Cornucopia of resonances

47

New states

K-matrix

N/D

2

+ data from Babar, Belle, COMPASS, …
[I. Danilkin, talk at INT workshop, March 23]



Why multiparticle amplitudes?
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• Calculate properties of strong interaction resonances

• E.g. exotics such as 

• Determine three particle “forces” for , …

• Needed for neutron star EoS, properties of large nuclei, …

Tcc(3875)+ → DD* → DDπ

3n, 3π, 3K

• Calculate multiparticle weak decay amplitudes

•  (method known), &  (open question)K → 3π D → π+π−, K+K−



Present status
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ρ
π π

ππ
Δ

N

ππ
N

Physical quark masses Mπ = 200 MeV

K π
π

ℋW

 “FLAG-ready”, i.e. fully controlled

E.g.: Wang, Leinweber, Liu, Liu, Sun, Thomas, Wu, Xing, Yu, 
2502.03700

 Bulava, Hanlon, Hörz, Morningstar, Nicholson, Romero-López, 
Skinner, Varnas, Walker-Loud, 2208.03867

 Abbott et al. [RBC-UKQCD collaboration], 2004.09440



 resonanceΔ
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Δ
N

ππ
N

Clover fermions (CLS)

Mπ ≈ 200 MeV
MN ≈ 950 MeV
a = 0.063 fm
L3 × T = 643 × 128

 Bulava, Hanlon, Hörz, Morningstar, Nicholson, Romero-López, Skinner, Varnas, Walker-Loud, 2208.03867



Present frontier
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Tccπ
D

D

π
D

D

Physical quark masses Mπ = 200 MeV

π+

K+

π+

π+

π+

K+

Padmanath, Prelovsek, 2202.10110 
…
Dawid, Romero-López, SRS, 2409.17059

Dawid, Draper, Hanlon, Hörz, Morningstar, Romero-López, 
SRS, Skinner, 2502.14348 & 2502.17976 

https://arxiv.org/abs/2202.10110
https://arxiv.org/abs/2409.17059
https://arxiv.org/abs/2502.14348


3-meson amplitudes
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Reaction plane

π+

π+
π+

Equilateral kinematic configuration

Divergent  
at threshold  

(JP = 0−)

Dawid, Draper, Hanlon, Hörz, Morningstar, 
Romero-López, SRS, & Skinner, 

2502.14348 & 2502.17976 

Lattice spacing 

Lattice size 

mπ = 130 MeV, mK = 500 MeV
a = 0.063 fm
963 × 192

https://arxiv.org/abs/2502.14348


Near future
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N(1440)

π π
π+

π0

π+

π0

K
π
π

ℋW π

ω
π−π−

N N

π
Roper resonance

Formalism: Briceño, Dawid, Hansen, Jackura, 
Romero-López, Smith, SRS, in prep.

Formalism: Hansen, Romero-López, SRS, 2101.10246

Formalism: Hansen, Romero-López, SRS, 2003.10974
First LQCD results and alternative formalism: 
Yan, Mai, Garofalo, Meißner, Liu, Liu, Urbach, 2407.16659

https://arxiv.org/abs/2003.10974
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• Lattice QCD provides precise results for a large 
number of quantities, with complete error budgets

• It plays a crucial role in the interpretation of an 
increasing number of experiments looking for 
new physics at the “intensity frontier”

Summary
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Connection to experiments

56

• FNAL & JPARC —HVP & LBL

• LHCb & BELLE II—Exclusive & inclusive matrix elements

• Neutrino experiments (DUNE, …)—axial form factors

• Rare kaon decay experiments (JPARC, CERN)—matrix 
elements

• Dark Matter searches (SCDMS,…)—scalar form factors,…

• Heavy Ion colliders (Alice@LHC, BNL)—phase diagram, …

• Higgs factory—precise quark masses, 

• …

(g − 2)μ

αs



• Lattice QCD provides precise results for a large 
number of quantities, with complete error budgets

• It plays a crucial role in the interpretation of an 
increasing number of experiments looking for 
new physics at the “intensity frontier”

• Many new methods are under development that will 
significantly increase the quantities that can be 
reliably calculated over the next 5-10 years

• If quantum computers fulfill their promise, many 
further extensions will be possible, e.g. to real-
time quantities

Summary

57

The future of LQCD

is very bright!
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Thank you! 
Questions?


